In this note we show that for any embedded graph G it has a checkerboard colourable twisted dual, answering an open problem posed by Ellis-Monaghan and Moffatt. Several related results are also obtained.
Introduction
We use the term embedded graph loosely to mean any of three equivalent representations of graphs in surfaces: cellularly embedded graphs, ribbon graphs and arrow presentations. We shall move from one to another freely and refer the reader to [1, 2] for details. A checkerboard colouring of an embedded graph is an assignment of the colour black or colour white to each face such that adjacent faces receive different colours. An embedded graph is said to be checkerboard colorable if it has a checkerboard coloring. An embedded graph is said to be even-face if the degree of each of its faces is even. A graph is said to be Eulerian if the degree of each of its vertices is even. A graph is said to be bipartite if it does not contain cycles of odd lengths. The following relations shown in Figure 1 are well known.
Let G = (V (G), E(G)) be an embedded graph. We denote the geometric dual and the Petrial of G by G * , G × , respectively. Let A ⊆ E(G). Denote by G δ(A) (abbr. G A ) and G τ (A) the partial dual and partial Petrial of G with respect to A, respectively. The twisted dual [3] is a combination of partial dual and partial Petrial. We refer the reader to [2, 4] for further details. In [4] , Ellis-Monaghan and Moffatt posed the following problem.
Open problem. Is it possible to characterize those embedded graphs, without degree restrictions, that have a checkerboard colourable twisted dual?
Clearly, every bipartite embedded graph does (by taking its geometric dual). Furthermore, if G and G × are both orientable, then G must be bipartite and hence G * is checkerboard colourable. In this note, we first answer the problem and obtain the following theorem.
Theorem 1. Any embedded graph has a checkerboard colourable twisted dual.
We also obtain the following related results. 
Preliminaries
In this section, we provide some necessary preliminaries.
Definition 4 ([2]). A ribbon graph G = (V (G), E(G)
) is a (possibly nonorientable) surface with boundary, represented as the union of two sets of topological discs, a set V (G) of vertices, and a set E(G) of edges such that 1. the vertices and edges intersect in disjoint line segments, we call them common line segments; 2. each such common line segment lies on the boundary of precisely one vertex and precisely one edge; 3. every edge contains exactly two such common line segments. If we delete the two common line segments from the boundary of an edge disc, then we obtain exactly two disjoint line segments, we call them edge line segments of the edge as shown in Figure 2 .
Medial graphs as a tool will be used very often throughout this note. We can form the medial graph of a ribbon graph inside the ribbon graph as shown in Figure 3 . In particular, the medial graph of an isolated vertex is a free loop. An all-crossing direction of the medial graph G m of an embedded graph G is an assignment of a direction to each edge of G m in such a way that at each vertex v of G m , when we follow the cyclic order of the directed edges incident to v, we find head, head, tail and tail. If G m is equipped with an all-crossing direction, then we can partition the vertices of G m into c-vertices and d-vertices according to the direction as shown in Figure 6 . Accordingly edges of G are divided into c-edges and d-edges.
Proofs
Given Figure 4 . Line segments on a boundary 
Proof. Note that G
A is also orientable and there is a correspondence between boundary components of G − A and those of G A as shown in Figure 5 . We assign a face of G A white (resp. black) if its corresponding boundary component of G − A is negative (resp. positive). The condition one of two edge-line segments of e or two common line segments of f is positive and the other is negative for any e ∈ A c and f ∈ A means that adjacent faces of G A will receive different colours, completing the proof. Proof of Theorem 1. For any ribbon graph G, there exists a subset Proof. As shown in Figure 6 , we obtain an orientation for each boundary component of G − D. The degree of each of the vertices of G − D must be even as shown in Figure 7 . Similarly, we can prove G * − D c is also Eulerian. Proof of Theorem 2. G × is orientable and assign it an anti-clockwise orientation. Then G m has an all-crossing direction as boundary components of G × . See Figure 8 . Note that each edge of G is a d-edge and apply Lemma 6, the theorem is proved. Let G = (V (G), E(G)) be a ribbon graph and e ∈ E(G). We denote by G − e the ribbon graph obtained from G by deleting the edge e. We denote by G/e = G e − e the ribbon graph obtained from G by contracting the edge e. Let A, B ⊆ E(G) and A∩B = ∅. We denote by G−A/B the ribbon graph obtained from G by deleting the edges in A and contracting the edges in B. We say that a ribbon graph H is a ribbon graph minor of a ribbon graph G if H is obtained from G by a sequence of edge deletions, vertex deletions, or edge contractions. If H is a ribbon graph minor of G, and A ⊆ E(G), then by H A we mean H A∩E(H) .
Lemma 7. If G is any embedded graph, A, B, C ⊆ E(G) and B ∩ C = ∅,
Proof. It is easily checked when e(G) ∈ {0, 1} or A = ∅, so assume that this is not the case. Since partial duals can be formed one edge at a time it is enough to prove the lemma for A = {e}. Let f ∈ E(G) with f = e. Since edge deletion, contraction and partial duality change the ribbon graph locally at the edge involved, we have that
e − e = (G e )/e, where the first equality is by definition as e / ∈ E(G) − e, the second since partial duality is involutary, and the third by relation G/e = G e − e between partial duality and contraction. Similarly, (G/e) e = G/e = G e − e. It follows that Remark 10. The converse of Lemma 8 is not true. A counterexample is given in Figure 9 .
